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Abstract. We provide a simple method of constructing isogeny classes of
abelian varieties over certain fields k such that no variety in the isogeny class
has a principal polarization. In particular, given a field k, a Galois extension ℓ
of k of odd prime degree p, and an elliptic curve E over k that has no complex
multiplication over k and that has no k-defined p-isogenies to another elliptic
curve, we construct a simple (p− 1)-dimensional abelian variety X over k such
that every polarization of every abelian variety isogenous to X has degree divis-
ible by p2. We note that for every odd prime p and every number field k, there
exist ℓ and E as above. We also provide a general framework for determining
which finite group schemes occur as kernels of polarizations of abelian varieties
in a given isogeny class.
Our construction was inspired by a similar construction of Silverberg and
Zarhin; their construction requires that the base field k have positive character-
istic and that there be a Galois extension of k with a certain non-abelian Galois
group.
1. Introduction
A natural question to ask of an isogeny class C of abelian varieties over a field k
is whether or not it contains a principally polarized variety. If k is algebraically
closed then C will certainly contain a principally polarized variety, and if k is
finite then every C that satisfies some relatively weak conditions will contain a
principally polarized variety (see [2]); for example, it is enough for the varieties
in C to be simple and odd-dimensional. In this paper we show that for a large
class of fields, including all number fields and function fields over finite fields,
it is very easy to construct isogeny classes of abelian varieties that contain no
principally polarized varieties. We also provide a framework for considering the
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more general problem of determining which finite group schemes occur as the
kernels of polarizations of varieties in a given isogeny class.
Our construction of isogeny classes containing no principally polarized
varieties is very straightforward, but to describe it we must introduce some
terminology. If ℓ is a finite extension of a field k and if E is an elliptic curve
over ℓ, we let Resℓ/k E denote the restriction of scalars of E from ℓ to k (see
Section 1.3 of [11]). If E is an elliptic curve over k, we define the reduced
restriction of scalars of E from ℓ to k to be the kernel of the trace map from
Resℓ/k E to E. Let p be an odd prime. We will say that an elliptic curve E
over k is p-isolated if it has no complex multiplication over k and if it has no p-
isogeny to another elliptic curve over k. We will say that a field k is p-admissible
if there is a p-isolated elliptic curve over k and if there is a Galois extension of k
of degree p. One can show, for example, that every number field is p-admissible;
that every function field over a finite field of characteristic not p is p-admissible;
and that no finite field or algebraically-closed field is p-admissible.
Theorem 1.1. Let p be an odd prime number and let k be a p-admissible field.
Let E be a p-isolated elliptic curve over k, let ℓ be a degree-p Galois extension
of k, and let X be the reduced restriction of scalars of E from ℓ to k. Then X
is simple, and every polarization of every abelian variety isogenous to X has
degree divisible by p2.
We provide an elementary proof of this theorem in Part 2 of this paper. In
Section 2.1 we prove some basic results about polarizations and endomorphism
rings of Galois twists of abelian varieties; we apply these general results in
Section 2.2 to prove several results about reduced restrictions of scalars of p-
isolated elliptic curves. We use the results of Section 2.2 to prove Theorem 1.1
in Section 2.3.
In Part 3 we prove a very general theorem that sheds additional light on
the proof of Theorem 1.1. In Section 3.1 we associate to every isogeny class
C of abelian varieties over a field k a two-torsion group B2(C) and a finite set
SC ⊆ B2(C), and we prove in Section 3.2 that the set SC determines the set
of kernels of polarizations of varieties in C up to Jordan-Ho¨lder isomorphism.
Then in Section 3.3 we revisit the proof of Theorem 1.1 and show how it can
be interpreted in terms of the group B2(C) and the set SC .
Theorem 1.1 was inspired by a construction of Silverberg and Zarhin
(see [8] and [9]); they too construct twists of a power of an elliptic curve such
that every polarization of every abelian variety isogenous to the twist has de-
gree divisible by a given prime. Their original construction is limited to base
fields of positive characteristic that have nonabelian Galois extensions of a cer-
tain type, but more recently they have produced a new construction that works
over an arbitrary number field (see [10]).
Acknowledgments. The author thanks Daniel Goldstein, Bob Guralnick, Al-
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ice Silverberg, and Yuri Zarhin for helpful conversations and correspondence.
Conventions and notation. We consider varieties to be schemes over some
specified base field; it follows that if U and V are varieties over a field k, then
what we call a morphism from U to V others might call a k-morphism from
U to V . If U is a variety over a field k and ℓ is an extension field of k, then
we let Uℓ denote the ℓ-variety V ×Speck Spec ℓ. If α:U → V is a morphism of
varieties over k, we let αℓ denote the induced morphism from Uℓ to Vℓ. If X
is an abelian variety, we let X̂ denote its dual variety, and if α:X → Y is a
morphism of abelian varieties, we let α̂ denote the dual morphism Ŷ → X̂. If G
is a group scheme over k and n is an integer, we denote by G[n] the n-torsion
subscheme of G.
2. Isogeny classes containing no principally polarized varieties
§2.1. Polarizations and endomorphisms of Galois twists of abelian
varieties. In this section we prove some simple general results about Galois
twists of abelian varieties that we will need in our proof of Theorem 1.1.
Suppose k is a field, ℓ is a Galois extension of k with Galois group G, and
Y is an abelian variety over k. Suppose that X is an ℓ/k-twist of Y and that
f :Yℓ → Xℓ is an isomorphism. Then X corresponds (as in Section III.1.3 of [7])
to the element of H1(G,Aut Yℓ) represented by the cocycle σ 7→ aσ := f−1fσ.
Our first proposition tells us when an endomorphism α of Y gives rise to an
endomorphism of X .
Proposition 2.1. The endomorphism fαℓf
−1 of Xℓ descends to an endomor-
phism of X if and only if we have aσαℓ = αℓaσ for all σ in G.
Proof. Let β be the endomorphism fαℓf
−1 of Xℓ. Then β will descend to X if
and only if for all σ in G we have βσ = β, which is
(fαℓf
−1)σ = fαℓf
−1.
By multiplying this equality by fσ on the right and by f−1 on the left, and by
using the fact that αℓ = α
σ
ℓ , we see that β descends to X if and only if for all
σ we have
f−1fσαℓ = αℓf
−1fσ,
if and only if aσαℓ = αℓaσ for all σ in G. 
Now suppose λ is a polarization of Y , and let x 7→ x† denote the Rosati
involution on EndY corresponding to λ, so that x† = λ−1x̂λ. Our second
proposition tells us when the polarization λ gives rise to a polarization of X .
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Proposition 2.2. The polarization f̂−1λℓf
−1 of Xℓ descends to a polarization
of X if and only if we have a†σaσ = 1 for all σ in G.
Proof. Let µ be the polarization f̂−1λℓf
−1 of Xℓ. Then µ will descend to X if
and only if for all σ in G we have µσ = µ, which is
(f̂−1λℓf
−1)σ = f̂−1λℓf
−1.
By multiplying this equality by fσ on the right and by λ−1ℓ f̂
σ on the left, and
by using the fact that λℓ = λ
σ
ℓ , we see that µ descends to X if and only if for
all σ we have
λ−1ℓ
̂(f−1fσ)λℓ(f
−1fσ) = 1,
if and only if a†σaσ = 1 for all σ in G. 
§2.2. Reduced restrictions of scalars of p-isolated elliptic curves. Let
k be a p-admissible field, let E be a p-isolated elliptic curve over k, and let ℓ be
a Galois extension of k of degree p. Let X be the reduced restriction of scalars
of E from ℓ to k. In this section we calculate the endomorphism ring of X ,
a restriction on the degrees of the polarizations of X , and the Galois module
structure of the p-torsion of X . These results are the building blocks of our
proof of Theorem 1.1.
Lemma 2.3. The elliptic curve Eℓ has no complex multiplication.
Proof. The endomorphism algebra A = (EndEℓ) ⊗ Q is either Q, an imagi-
nary quadratic field, or a quaternion algebra over Q. The action of Gal(ℓ/k) on
EndEℓ gives us a homomorphism Gal(ℓ/k) → Aut(A/Q), and since EndE =
Z, this homomorphism must be nontrivial if A 6= Q. Suppose A were a quater-
nion algebra. Then the image of a generator of Gal(ℓ/k) in Aut(A/Q) would be
a nontrivial automorphism. Since every automorphism of a quaternion algebra
is inner, this automorphism would have to be given by conjugation by a non-
central element s of A. But then the 2-dimensional sub-algebra Q(s) would be
fixed by the action of Gal(ℓ/k) on A, contradicting the fact that EndE = Z.
ThereforeA is not a quaternion algebra. Suppose A were a quadratic field. Then
Aut(A/Q) would be a cyclic group of order 2, contradicting the existence of
a nontrivial homomorphism Gal(ℓ/k) → Aut(A/Q). Thus A must be Q, and
EndEℓ must be Z. 
Let σ be a generator of Gal(ℓ/k) and let R be the restriction of scalars
of E from ℓ to k. Then R is the ℓ/k-twist of Ep given by the element of
H1(Gal(ℓ/k),AutEpℓ ) represented by the cocycle that sends σ to the automor-
phism ξ of Epℓ that cyclically shifts the factors. The kernel S of the trace map
Ep → E is stable under ξ, and the reduced restriction of scalars X of E is the
ℓ/k-twist of S given by sending σ to the restriction of ξ to S. The projection
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map from Ep onto its first p− 1 factors gives an isomorphism from S to Ep−1;
under this isomorphism, the restriction of ξ to S is given by the (p−1)×(p−1)
matrix
ζ =


−1 −1 · · · −1 −1
1 0 · · · 0 0
0 1 · · · 0 0
...
...
. . .
...
...
0 0 · · · 1 0

 ,
where we identify the ring Mp−1(Z) of (p− 1)× (p− 1) integer matrices with
the endomorphism ring of Ep−1ℓ . In other words, X is the ℓ/k-twist of E
p−1
given by the element of H1(Gal(ℓ/k),AutEp−1ℓ ) represented by the cocycle
that sends σ to ζ. Note that the minimal polynomial of the endomorphism ζ
is the pth cyclotomic polynomial.
Lemma 2.4. The abelian variety X is simple over k, and its endomorphism
ring is isomorphic to the ring of integers of the pth cyclotomic field.
Proof. Since Xℓ ∼= Ep−1ℓ and EndEℓ = Z = EndE, every endomorphism of X
comes from an endomorphism of Ep−1. According to Proposition 2.1, the only
endomorphisms of Ep−1 that give rise to elements of EndX are the endomor-
phisms that commute with the element ζ of EndEp−1ℓ defined by the matrix
above. Since Q(ζ) is a field of degree p−1 over Q, it is a maximal commutative
subring of the matrix ring Mp−1(Q), so the only elements of EndE
p−1 that
commute with ζ are those elements that lie in Q(ζ). The intersection of Q(ζ)
with EndEp−1 is Z[ζ], which is the ring of integers of the cyclotomic field Q(ζ).
Thus EndX is isomorphic to the ring of integers of the pth cyclotomic field.
And finally, the fact that (EndX)⊗Q is a field shows that X is simple. 
Lemma 2.5. If α ∈ Q(ζ) is an endomorphism of X, then the degree of α is
the square of the norm of α from Q(ζ) to Q.
Proof. It is easy to see that under the identification of EndEp−1 withMp−1(Z),
the degree function is the square of the determinant function. The lemma then
follows from the fact the determinant function from Mp−1(Q) to Q, restricted
to the maximal subfield Q(ζ) of Mp−1(Q), is the field norm from Q(ζ) to Q.

Lemma 2.6. The abelian variety X has a polarization λ of degree p2.
Proof. Let µ be the product principal polarization of Ep−1, let b be the endo-
morphism of Ep−1 defined by the matrix

2 1 · · · 1
1 2 · · · 1
...
...
. . .
...
1 1 · · · 2


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with 2’s on the diagonal and 1’s elsewhere, and let λ = µb. The Rosati involu-
tion associated to µ is the matrix transpose x 7→ xt, and the Rosati involution
associated to λ is the matrix transpose conjugated by b — that is, x 7→ b−1xtb.
One checks that b−1ζtbζ is the identity matrix, so by Proposition 2.2 the po-
larization λℓ of E
p−1
ℓ descends to give a polarization λ of X .
Since µ is a principal polarization and λℓ = µℓbℓ, the degree of λ is the
degree of b, which is the square of the determinant of b. An easy calculation
shows that det b = p, which proves the lemma. 
Lemma 2.7. Suppose µ is a polarization of X. Then there is an integer n
such that degµ = p2n4.
Proof. Let K be the field (EndX) ⊗Q and let ζ be the endomorphism of X
defined above, so that ζ is a primitive pth root of unity and K = Q(ζ). Let
x 7→ x† be the Rosati involution associated to the polarization λ of Lemma 2.6.
Then for every x ∈ K, the element x† is simply the complex conjugate of x.
Suppose µ is a polarization of X . Then the element λ−1µ of the field K is
fixed by the Rosati involution (see §21, Application 3, pp. 208–210 of [3]), and
is therefore an element of the maximal real subfield K+ of K. By Lemma 2.5,
the degree of an element of K is equal to the square of its norm to Q, so we
find that
deg µ = deg λ · deg(λ−1µ) = p2 (NK/Q(λ−1µ))2 = p2 (NK+/Q(λ−1µ))4 .
Let n = NK+/Q(λ
−1µ). Since deg µ is an integer and n is rational, we see that
n is an integer, and the lemma is proved. 
We end this section by describing the Galois module structure of X [p].
First note that p is not equal to the characteristic of the base field k because
E has no p-isogenies. Thus, the group scheme structures of E[p] and X [p] are
completely captured by the Galois module structures of the sets of points of
these schemes over a separable closure ksep of k. Furthermore, E[p](ksep) is
a simple Gal(ksep/k)-module because E has no p-isogenies to another elliptic
curve over k.
Lemma 2.8. The sequence of modules
0 ⊂ (ζ − 1)p−2X [p](ksep) ⊂ (ζ − 1)p−3X [p](ksep) ⊂ · · · ⊂ X [p](ksep)
is a composition series for the Gal(ksep/k)-module X [p](ksep), and each com-
position factor is isomorphic to E[p](ksep).
Proof. Multiplication by (ζ − 1)p−i−2 gives an isomorphism from the quotient
(ζ − 1)iX [p](ksep)/(ζ − 1)i+1X [p](ksep) to (ζ − 1)p−2X [p](ksep), which is the
kernel of ζ−1 acting on X [p](ksep). This kernel is the image of E[p](ksep) under
the diagonal embedding of Eℓ into E
p−1
ℓ . 
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Lemma 2.9. If ϕ:X → Y is an isogeny, then the only simple Gal(ksep/k)-
module that occurs as a composition factor of the p-power-torsion part of the
kernel of λ is E[p](ksep).
Proof. Immediate from Lemma 2.8. 
§2.3. Proof of Theorem 1.1. For every finite group scheme G over k, let us
define the E[p]-rank of G to be the multiplicity of the simple Galois module
E[p](ksep) as a composition factor of the p-power-torsion of G. We will denote
the E[p]-rank of G by rankE[p](G). The E[p]-rank is an additive function on
exact sequences of finite group schemes.
Suppose ϕ:X → Y is an isogeny and ν is a polarization of Y . Then the
map µ:X → X̂ given by ϕ̂νϕ is a polarization of X , so we have
rankE[p](kerµ) = rankE[p](ker ϕ̂) + rankE[p](ker ν) + rankE[p](kerϕ).
Now, ker ϕ̂ is the Cartier dual of kerϕ, and E[p] is its own Cartier dual, so
rankE[p](ker ϕ̂) = rankE[p](kerϕ). Thus the parity of rankE[p](ker ν) is equal to
that of rankE[p](kerµ), which is odd by Lemmas 2.7 and 2.9. Therefore E[p]
appears as a composition factor of the p-power-torsion of ker ν, so p2 divides
the order of ker ν, so p2 divides the degree of ν. 
3. Polarizations up to Jordan-Ho¨lder isomorphism
In this part of the paper we associate to every isogeny class C of abelian varieties
over a field k a two-torsion group B2(C) and a finite set SC ⊆ B2(C), and we
show that the set SC determines the set of kernels of polarizations of varieties in
C up to Jordan-Ho¨lder isomorphism. Then we revisit the proof of Theorem 1.1
and show how it can be interpreted in terms of the group B2(C) and the set SC .
§3.1. Statement of results. For every isogeny class C of abelian varieties
over a field k, we let KerC be the category whose objects are finite commutative
group schemes over k that can be embedded (as closed sub-group-schemes) in
some variety in the isogeny class C and whose morphisms are morphisms of
group schemes. We see that the objects in KerC are those group schemes that
can be written kerϕ for some isogeny ϕ:X → Y of elements of C.
The Grothendieck group G(KerC) of KerC is defined to be the quotient of
the free abelian group on the isomorphism classes of objects in KerC by the
subgroup generated by the expressions X − X ′ − X ′′ for all exact sequences
0→ X ′ → X → X ′′ → 0 in KerC . If X is an object of KerC we let [X ] denote
its class in G(KerC), and we say that two objects X and Y are Jordan-Ho¨lder
isomorphic to one another if [X ] = [Y ]. The group G(KerC) is a free abelian
group on the simple objects of KerC . An element of G(KerC) is said to be
effective if it is a sum of positive multiples of simple objects. Let us call an
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element P of G(KerC) attainable if there is a polarization λ of a variety in C
such that P = [kerλ]. Our goal in this section will be to identify the attainable
elements of G(KerC).
To identify the attainable elements we must first define several groups for
every isogeny class of abelian varieties. The first two groups will be subgroups
of G(KerC), and the others will be defined solely in terms of the endomorphism
rings of the varieties in the isogeny class.
Let Z(C) denote the subgroup of G(KerC) generated by the elements of
the form [G], where G ∈ KerC is a group scheme whose rank is a square and for
which there exists a non-degenerate alternating pairing G×G→ Gm.1 Cartier
duality on KerC defines an involution P 7→ P of G(KerC), and Z(C) is stable
under this involution. Let B(C) be the subgroup {P + P : P ∈ G(KerC)} of
G(KerC); it is not hard to see that B(C) ⊆ Z(C).
Now let us define the groups that depend on the endomorphism rings of the
varieties in C. IfX and Y are two varieties in C then (EndX)⊗Q ∼= (EndY )⊗Q,
so we may define End0 C to be (EndX) ⊗ Q for any X in C. We may write
C ∼ Cn11 × · · · × Cnrr for some distinct isogeny classes Ci of simple varieties and
some integers ni; by this we mean that every X in C is isogenous to a product
Xn11 × · · · ×Xnrr where Xi ∈ Ci. Let A = End0 C. Then
A ∼=Mn1(D1)× · · · ×Mnr(Dr),
where Di = End
0 Ci and where Mni(Di) denotes an ni-by-ni matrix algebra
over Di. Each Di is a division algebra over its center Ki, which is a number
field, and the center K of A is the product of the Ki. Only certain kinds of
division algebras can occur as the endomorphism algebras of simple isogeny
classes, and they are classified into four types (see Theorem 2 (p. 201) of [3]).
We will define three subgroups R0(A), R1(A), and R2(A) of K
∗ by defining
these groups first for the four possible types of division algebras D and by then
setting
Ri(A) = Ri(D1)× · · · ×Ri(Dr).
The group R1(A) will be a subgroup of R0(A), and R2(A) will be a subgroup
of finite index in R1(A).
Type I: For this type, D = K is a totally real number field. We let
R0(D) = K
∗, we let R1(D) be the multiplicative group of totally positive
elements of K, and we let R2(D) = R1(D).
Type II: For this type, K is a totally real number field and D is a
quaternion algebra over K that is split at every infinite prime of K. We let
1The existence of a non-degenerate alternating pairing implies that the rank of G is a
square, except in characteristic 2; the unique simple local-local group scheme in characteris-
tic 2, which has rank 2, has a non-degenerate alternating pairing.
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R0(D) = K
∗, we let R1(D) be the multiplicative group of totally positive
elements of K, and we let R2(D) be the subgroup of R1(D) consisting of those
elements that are squares in Kp for all primes p of K for which the local Brauer
invariant invpD of D at p is nonzero.
Type III: For this type, K is a totally real number field and D is a
quaternion algebra over K that is ramified at every infinite prime of K. We
let R0(D) be the multiplicative group of totally positive elements of K, we
let R1(D) be the group of squares of elements of R0(D), and we let R2(D) =
R1(D).
Type IV: For this type, K is a CM-field with maximal real subfield K+
andD is a division algebra overK such that if σ is the nontrivial automorphism
of K over K+ then invpD = 0 for every prime of K fixed by σ and invpD +
invpσ D = 0 for every prime p of K. We let R0(D) = K
∗, we let R1(D)
be the multiplicative group of totally positive elements of K+, and we let
R2(D) = R1(D).
An involution x 7→ x† of A is positive if Trd(xx†) is a totally positive
element of K for every element x of A∗, where Trd is the reduced trace map
from A to K. If α ∈ A is fixed by a positive involution then Q(α) is a product
of totally real number fields. If x 7→ x† is a positive involution of A, we let
A† denote the set of elements of A
∗ that are fixed by † and that are totally
positive.
The following lemma, whose proof we will give in Section 3.2, motivates
the definitions of the groups Ri(A).
Lemma 3.1. Let A = End0 C for an isogeny class C of abelian varieties over k.
Then R0(A) = Nrd(A
∗), where Nrd is the reduced norm map from A to its cen-
ter K. Suppose x 7→ x† is a positive involution of A. Then R2(A) ⊆ Nrd(A†) ⊆
R1(A).
Remark. Note that if A is built up out of simple D that are of type I, III,
and IV then R2(A) = R1(A) and Nrd(A†) is a subgroup of K
∗, but if a D of
type II occurs in A then Lemma 3.1 only allows us to say that Nrd(A†) lies
between two subgroups of K∗. We cannot expect to do much better than this;
one can find examples of D of type II for which Nrd(D†) is not a group.
Let A = End0 C. We define a homomorphism Prin from the multiplicative
group A∗ to G(KerC) as follows: Suppose α ∈ A∗ is given. We pick a variety X
in C and choose an endomorphism β of X and an integer n such that α = β/n.
Then we set Prin(α) = [kerβ]− [kern]. We leave it to the reader to show that
the value [kerβ]− [kern] does not depend on the choice of X , β, and n.
Note that Lemma 3.1 states in part that R0(A) = Nrd(A
∗). We can use
this identity, together with the homomorphism Prin, to define a homomorphism
Φ from R0(A) to G(KerC). Suppose a ∈ R0(A) is given, and suppose α and α′
are elements ofA∗ with Nrd(α) = Nrd(α′) = a. Then, by an easy consequence of
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Wang’s Theorem (see [4], Theorem 1.14, p. 38, and the comments on p. 39), we
see that α′α−1 lies in the commutator subgroup of A∗, so that Prin(α′α−1) = 0.
Thus we may define Φ by taking Φ(a) = Prin(α) for any choice of α ∈ A∗ such
that Nrd(α) = a.
Finally, we let B1(C) be the quotient of Z(C) by the subgroup generated by
B(C) and Φ(R1(A)), and we let B2(C) be the quotient of Z(C) by the subgroup
generated by B(C) and Φ(R2(A)). Since 2Z(C) is contained in B(C) the groups
B1(C) and B2(C) are 2-torsion, and since R2(A) is a subgroup of finite index in
R1(A), the natural surjection B2(C)→ B1(C) has a finite kernel.
Theorem 3.2. There is a finite subset SC of the group B2(C) such that an
element of G(KerC) is attainable if and only if it is an effective element of
Z(C) whose image in B2(C) lies in SC. Furthermore, the image of SC in B1(C)
consists of a single element IC .
This theorem must surely seem quite removed from the down-to-earth
question of whether there exists a principally-polarized variety in a given iso-
geny class. However, we will show in Section 3.3 that our proof of Theo-
rem 1.1 can be viewed as an argument showing that there is a homomorphism
B1(C) → Z/2Z such that the image of IC is nonzero. Also, in certain cases
the abstract objects in Theorem 3.2 can be computed. For example, if C is an
isogeny class over a finite field then the group B1(C) (which in this case is equal
to B2(C)) can be computed, and one can even compute a subgroup of order at
most 2 that contains IC (see [2]). If in addition the varieties in C are ordinary,
the element IC itself can be calculated (see [1]).
§3.2. Proofs of Lemma 3.1 and Theorem 3.2. In this section we prove
the results stated in the preceding section.
Proof of Lemma 3.1. Clearly it will suffice to prove the lemma in the case
where A = Mn(D) for some integer n and division algebra D of one of the
four types listed in the preceding section. For each of these types of algebras,
the Hasse-Schilling-Maass theorem ([5], Theorem 33.15, p. 289) shows that
R0(A) = Nrd(A
∗), so we need only prove the second statement of the lemma.
If D/K is of Type III then the statement we are to prove is Theorem 4.7
of [2], while if D/K is of Type IV then the statement we are to prove is
Theorem 4.1 of [2].
Suppose D = K is of Type I. We must show that Nrd(A†) is the set
of totally positive elements of K. It is clear that Nrd(α) is totally positive if
α ∈ A†, so all we must show is that every totally positive element of K is the
reduced norm of some element of A†.
Let x 7→ x∗ be the transpose onMd(K). Then by Theorem 8.7.4 (pp. 301–
302) and Theorem 7.6.3 (p. 259) of [6], there is an isomorphism i:A→Md(K)
and a diagonal matrix α ∈ Md(K) such that the isomorphism i takes the
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involution x 7→ x† to the involution η of Md(K) defined by η(x) = αx∗α−1.
Now suppose we are given a totally positive b in K. Let β ∈ Md(K) be the
diagonal matrix with b in the upper left corner and 1’s elsewhere. Then β is
totally positive and fixed by η, and its determinant is b. Therefore i−1(β) is an
element of K† with reduced norm equal to b.
SupposeD/K is of Type II. It is clear that the reduced norm of an element
of A† is totally positive, so we have Nrd(A†) ⊆ R1(A), and we must prove that
R2(A) ⊆ Nrd(A†).
Let x 7→ x∗ be the conjugate transpose involution on Md(D), where “con-
jugation” on D is the standard involution x 7→ TrdD/K x − x. Then again by
Theorem 8.7.4 (pp. 301–302) and Theorem 7.6.3 (p. 259) of [6], there is an
isomorphism i:A → Md(D) and a diagonal matrix α ∈ Md(D) with α∗ = −α
such that the isomorphism i takes the involution x 7→ x† to the involution η of
Md(D) defined by η(x) = αx
∗α−1; furthermore, as is argued on pp. 194–195
of [3], the entries of the diagonal matrix α2 are totally negative elements of K.
Let α1, . . . , αn denote the diagonal entries of α and let c1 = α
2
1, so that α1
satisfies the polynomial x2 − c1. Since the field K(α1) splits the quaternion
algebra D, the element c1 of K must be a nonsquare in Kp for every prime p
of K for which invpD 6= 0.
Suppose b is an element of R2(A). We claim that there exists an element
β of D such that (1) β + β∗ = 0 and (2) ββ∗ = −bc1 and (3) βα−11 is totally
positive. To see that such a β exists, we first note that bc1 is a nonsquare in
Kp for every prime p of K for which invpD 6= 0, so the field K(
√
bc1) splits D.
This shows that there is an element β0 of D such that β
2
0 − bc1 = 0, so that
β0 satisfies (1) and (2). If we choose a K-basis for the trace-0 elements of D,
then the set of β satisfying (1) and (2) is a level set of a homogeneous ternary
quadratic form Q that is indefinite at every infinite prime of K, and we have
just shown that there are K-points in this level set. Condition (3) is simply a
linear inequality at each of the infinite primes of K, and the inequality can be
satisfied locally at each infinite prime by points on the level set because the
form Q is indefinite, so by weak approximation we see that there do exist β’s
satisfying (1), (2), and (3).
Choose such a β ∈ D, and let γ be the diagonal matrix with βα−11
in the upper left corner and 1’s elsewhere on the diagonal. A computation
shows that γ is fixed by the involution η, that the reduced norm of γ is
NrdD/K(β)/NrdD/K(α1) = b, and that γ is totally positive. Thus i
−1(γ) is
an element of A† with reduced norm equal to b. 
Proof of Theorem 3.2. Suppose λ:X → X̂ and µ:Y → Ŷ are polarizations
of varieties in C. First note that the ranks of kerλ and ker ν are squares, and
that there are non-degenerate alternating pairings from these groups to the
multiplicative group (see §23 of [3]), so that [kerλ] and [kerµ] lie in Z(C).
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Let ϕ:X → Y be an isogeny, and let ν be the polarization ϕ̂µϕ of X , where
ϕ̂: Ŷ → X̂ is the dual isogeny of ϕ. Let n be any positive integer such that
kerλ ⊆ ker(nν) as group schemes. Then there is an isogeny α: X̂ → X̂ such
that nν = αλ. A polarization is equal to its own dual isogeny, so we can equate
the right-hand side of the last equality with its dual to get nν = λα̂. Using
Application III (pp. 208–210) of §21 of [3] (see especially the final paragraph)
and the fact that nν and λ are polarizations, we find that α̂ ∈ EndX is fixed
by the Rosati involution associated to λ and is totally positive.
The equality nϕ̂µϕ = λα̂ translates into the equality
[kern] + [ker ϕ̂] + [kerµ] + [kerϕ] = [kerλ] + [ker α̂]
in G(KerC). Now, [ker ϕ̂]+[kerϕ] is an element of B(C), and α̂ and n are totally
positive elements of End0 C that are fixed by the Rosati involution, so [kern]
and [ker α̂] lie in Φ(R1(End
0 C)). It follows that the images of [kerµ] and [kerλ]
in B1(C) are equal. Thus, we may define IC to be the image in B1(C) of the
kernel of any polarization of any variety in C.
Let SC be the image in B2(C) of the subset
{[kerλ] : λ is a polarization of some X in C}
of G(KerC). We see that SC is a subset of the preimage of IC under the natural
reduction map B2(C) → B1(C). Since this reduction map has a finite kernel,
the set SC is finite.
To complete the proof of Theorem 3.2, we must show that if P is an effec-
tive element of G(KerC) whose image in B2(C) lies in SC , then P is attainable.
So suppose P is an effective element of G(KerC) whose image in B2(C) is equal
to the image of [kerλ] for a polarization λ:X → X̂ of a variety in C. Then
there is an element Q of G(KerC) and an element a of R2(End
0 C) such that
P + Q + Q = [kerλ] + Φ(a) in G(KerC). Lemma 3.1 shows that there is an
α ∈ End0 C that is totally positive and fixed by the Rosati involution associ-
ated to λ such that Nrdα = a. Choose an integer n so that n2α is an actual
endomorphism of X and such that Q + [kern] is effective. Replacing α with
n2α and Q with Q+ [kern], we see that we have P +Q+Q = [kerλ] + [kerα].
Since α is fixed by the Rosati involution associated to λ and is totally pos-
itive, the composite map ν = λα is also a polarization of X , and we have
P +Q+Q = [ker ν].
Let G = ker ν and let e:G×G→ Gm be the non-degenerate alternating
pairing on G whose existence is shown in §23 of [3]. LetH be a simple element of
KerC that occurs inQ. Proposition 5.2 of [2] shows that there is an embedding of
H into G such that the pairing e restricted to H×H is the trivial pairing. Let ϕ
be the natural isogeny from X to Y = X/H . Then the Corollary to Theorem 2
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(p. 231) of §23 of [3] shows that there is a polarization ν′ of Y such that
ν = ϕ̂ν′ϕ. In G(KerC) this gives us the equality [ker ν] = [H ] + [ker ν
′] + [H ]. If
we replaceQ byQ−[H ] and ν by ν′, we will again have the equality P+Q+Q =
[ker ν], but we will have decreased the number of simple group schemes that
occur in Q. By applying this argument repeatedly, we can finally obtain the
equality P = [ker ν] for a polarization ν of a variety in C. This shows that P is
attainable. 
§3.3. Theorem 1.1 revisited. In this section we show how our proof of
Theorem 1.1 can be understood in terms of Theorem 3.2.
Let k be a p-admissible field, let E be a p-isolated elliptic curve over k, let
ℓ be a degree-p Galois extension of k, let X be the reduced restriction of scalars
of E from ℓ to k, and let C be the isogeny class of X . Then A = End0 C is the
cyclotomic field K = Q(ζp), so R0(A) is K
∗ and R1(A) and R2(A) are both
equal to the multiplicative group of totally positive elements of the maximal
real subfield K+ of K.
Note that the E[p]-rank defines a homomorphism Z(C)/B(C) → Z/2Z.
Lemma 2.5 shows that the degree of an element of R1(A) is equal to the fourth
power of its norm from K+ to Q. Since Lemma 2.8 shows that E[p] is the
only simple p-torsion group scheme that occurs in KerC , and since the rank
of E[p] is p2, the E[p]-rank of every element of Φ(R1(A)) is even. Thus, the
E[p]-rank give us a homomorphism from B1(C) to Z/2Z. Lemma 2.6 shows that
the image of IC under this homomorphism is nonzero, so IC itself is nonzero.
Then Theorem 3.2 shows that the trivial group scheme is not attainable in C,
so C contains no principally polarized varieties.
We leave it to the reader to use the methods of this paper to prove the
following generalization of Theorem 1.1:
Theorem 3.3. Let ℓ/k be a Galois extension of odd prime degree p, and let Y
and Z be abelian varieties over k such that
(1) Y [p](ksep) is a simple Gal(ksep/k)-module;
(2) the simple module Y [p](ksep) does not occur in Z[p](ksep); and
(3) EndYℓ = Z.
Let X be the kernel of the trace map from Resℓ/k Y to Y . Then X is simple,
and every polarization of every abelian variety isogenous to X × Z has degree
divisible by p2 dimY .
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